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A consistent mathematical model for the ultimate vorlex wake system of an optimum
heavily loaded ducted fan has been developed for zero hub diameter and neglecting compressi-
bility, viscosity, and tip clearance. The compatibility relationships to be satisfied are pre-

sented with a brief description of the model.

For any choice of blade number and pitch

angle, it is shown that the blade bound vortex strength distribution for the heavily loaded
ducted fan may be extracted from the lightly loaded case through the use of a simple scaling
factor. In addition, expressions are developed for the power, thrust, and induced efficiency
for the heavily loaded system which may also be extracted from the lightly loaded results.
Some sample results are presented for a ducted fan with 2, 4, 6, and 8 blades with loadings

from a light load to the static thrust condition.

Nomenclature

b = number of blades

B, = defined as an integral, Eq. (16)

B; = defined as an integral, Eq. (17)

Cy = power coefficient, C, = P/p(QR)*wR?

Cr = thrust coefficient, Cr = T /p(QR)*rR?

E = energy loss in the wake

e = nondimensional energy loss, ¢ = E/p(QR)¥(wR?)

f) = g function of time

(¢ = gcaling factor, Eq. (23)

K(zx) = nondimensional blade bound vortex strength dis-
tribution, Eq. (31)

L = characteristic axial length in wake, L = 27R\/b

P = nondimensional distance from a vortex element to a
control point

P = static pressure

Poo = f{reestream static pressure

Do = total pressure

Q = torque

r ¥,z = ecylindrical coordinates

r’ ¥’z = cylindrical coordinates defining location of vortex
filament

rng¢ = helical coordinates

R = Dblade tip radius, wake radius

S = swrface area

s = elemental surface area

T = total thrust of ducted fan

i = time
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U = disturbance velocity in direction of subscript

Uvs = induced velocity, at % = 0, associated with the inner
helical sheets and the nonuniform boundary sheet

Ugo = disturbance velocity component along wake axis

UR = disturbance velocity component at inside of wake
boundary

Usp = velocity component normal to filaments of the uni-
form boundary sheet

v = total disturbance velocity

v = velocity in ultimate wake

Ve = velocity at inside of wake boundary

Ve = axial flight velocity

w = apparent axial displacement velocity of blade trailing
vortex sheets

] = nondimensional displacement velocity, w = w/QR

z,y,2 = cartesian coordinates

x = nondimensional blade radial station, z = r/R

2’ = distance between the z = 0 plane and the point where
the filament intersects the xz plane _

B = angle between the normals to the vectors d5’ and P
measured in the plane determined by ds and P

T'(x) = blade bound vortex strength distribution

vy = a vortex filament strength

v(s5) = strength of boundary sheet at its lines of intersection
with inner sheets

vi = vortex filament strength of finite unknown strength
filaments replacing sheets of wake

Vi = nondimensional filament strength, Eq. (27) 3 =
vi/ (A Rw@)

€ = numerically integrated factor for @ = 0, Eq. (39)

K = mass coefficient, x = 2 ! K(x)zdx

o]

A = tangent of helix pitch angle of inner sheets (V, -+
w)/QR

B = tangent of helix pitch angle of boundary filaments at
their lines of intersection with inner sheets (V,, +
wg)/QR

o = fluid density
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@ = pitch angle of inner sheet filaments

¢B = pitch angle of boundary filaments at their lines of
intersection with inner sheets

¢orp = dummy pitch angle related to ¢»

or = pitch angle of outermost filament of inner sheet

i) = disturbance velocity potential

Q = blade rotational velocity

i = ideal or induced efficiency, Eq. (43)

Introduction

OR the optimum ducted fan in axial flight the considera-
tions of Betz' hold concerning the geometry and motion
of the helical vortex sheets of the ultimate wake that are
shed from the blade trailing edges. That is, the geometric
pitch of each filament of these sheets must be constant and
the sheets must appear to move as rigid secrew surfaces. In
addition it is necessary that the Kutta condition be satisfied
at the duct trailing edge. Thus a sheet of vorticity must be
shed from the duct trailing edge forming a boundary sheet
of vortex filaments enclosing the screw-like sheets shed from
the blades. For the heavily loaded system the inner vortex
sheet must have an axial motion different from that of the
boundary sheet. The description of this motion and the
development of the necessary compatibility relationships
were presented in some detail by Gray and Wright? and are
summarized with the essential results below. In both this
analysis and the analysis of Ref. 2, the effects of hub di-
ameter, compressibility, viscosity, and tip clearance are
neglected.

The principal difference between the arguments for the
heavily loaded and lightly loaded cases is that, for the heavily
loaded ducted fan, the disturbance velocity in the ultimate
wake is not normal to the inner vortex sheet surfaces. More
information about this difference is obtained through a con-
sideration of the flowfields associated with the vortex systems.
It was shown in Ref. 2 that, in order to limit the disturbance
velocities to the inside of the wake and to assure irrotationality
outside of the wake, the vortex strength and motion of the
cylindrical boundary sheet must be governed by

Upy = (3) (ugp® sine, + w? cos?e,)?
and
v(§8) = (ugp® siner + w? cos?er)!?
where
ugg = w/ NN — Ag)/(1 4 Arg)] e8]

The coordinates T and £ are illustrated in Fig. 1. These two
relationships are obtained directly from the conditions that
the disturbance velocities are zero outside the wake, that the
strength of a vortex sheet is equal to the discontinuity in the
velocity components as the sheet is crossed, and that the
motion of the sheet along the line of discontinuity is equal
to the mean value of the veloeity on either side. Thus, when
relative motion exists between the inner sheets and the
boundary filaments, that is for a heavily loaded system, the
two vortex systems are related through the equations for
usg and y({s), but only along the lines of intersection of the
inner sheets and the cylindrical boundary. On the wake
boundary between these helical lines of intersection, the
filament density or sheet strength and the filament pitch
angle must vary with the helical coordinate .

In order to avoid having to solve for both the strength and
the geometry of the boundary vortex sheet, this sheet is re-
placed by two simpler sheets whose combined effects satisfy
the constraints placed upon a single boundary sheet. The
first sheet has constant strength y({s) and constant filament
pitch angle ¢p and satisfies the compatibility conditions at
the intersection lines. The second sheet has a varying
strength and constant filament pitch angle ¢z and satisfies
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Fig.1 Helical coordinate system.

the radial velocity constraints. The subsequent super-
position of these sheets must maintain the apparent rigid
motion of the inner screw surfaces. The function and be-
havior of these sheets are discussed in more detail in Ref. 2.

On the basis of the compatibility conditions it can be
shown that

B )\2+1 )\2+1 2 1/2
xB—x—%_erK)\——r_w) +1] @)

and
¥(§8) = w coser sec(pr — ¢5) 3)

where ¢z = tan"'(\p), and ® = w/QR, 0 < % < \.

The ultimate wake vortex system of the heavily loaded
ducted fan is thus defined in terms of the inner helical sheets,
a boundary sheet of uniform strength and piteh angle ¢, and
a boundary sheet of varying strength but constant pitch
angle ¢z The solution for the strength of the variable
strength boundary sheet, for the strength distribution of the
inner helical sheets, and thus for the blade bound vortex
strength distribution, proceeds directly from the numerical
integration of the Biot-Savart equation for the velocity at
certain control points that is associated with each vortex
filament in the wake model.

Analysis

The problem consists of two parts: first, the optimum
blade bound vortex strength distribution must be determined
in terms of the parameters N, b, and %; and second, the thrust,
power, and induced efficiency of this optimum ducted fan
must be determined. Both parts of the problem may be
solved by finding the distribution of vorticity in the ultimate
wake which will satisfy the boundary conditions implied by
the geometry and motion specified in terms of A, b, and .

Blade Bound Vortex Strength Distribution

In this analysis the Biot-Savart equation supplies the re-
quired relationship between the geometry, motion, and vortex
strength in the ultimate wake. The vortex sheets of the sys-
tem are divided into strips along the filament directions and
these strips are replaced by finite strength vortex filaments
equal in strength to the integrated sheet strength across the
strip. The integrated velocity associated with one of these
filaments, in terms of helical velocity components becomes

Au, v fw , . ,
o IR e {r taneg sin(W’ — ¥) 4
av’

F'(Z — 2’ — V' tan ¢g) cos (¥ — \I')}—P—3 4)
Aug 7y cosp o

w  4A7Rw J -«

[l

’

=

— 2 cos(¥' — \I')]+

ayv’
(Z — 2/ — V' taneg) sin(¥’ — \I')}'ﬁT 5)

‘f’ tanor l:% +
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Au, 7y cosp
w 47w Rw

f_°° {f’2 — 7 cos(¥! — W) —

! 7!
tanpp [1 — % cos(¥’ — ‘If):l — 7agsin(\Il’ —¥) X
q,l
taner(z — 2’ — ¥’/ tampg)}%j—s (6)
where
P2 = 7 4+ 72 — 27 cos(¥! — W) +
(B — 2" — ¥’ taneg)?
¢ = tan™t
and 7, 7/, 2, 2/ are nondimensionalized by E.
[(1/7) tanee]

The boundary conditions to be satisfied by the system at
control points on the inner sheets and on the cylindrical
boundary are as follows:

on the inner sheet

2 (Aug/w) = cose )

> (Au/w) = 0 ®)
on the cylindrical boundary

2 (Aur/w) = 0 ©)

An additional constraint, necessary to insure a unique solu-
tion, is that the sum of the strengths of all of the vortex fila-
ments comprising the system be zero. Considerations of
symmetry enable the system of equations to be reduced to the
following form:

on the inner sheet

™ (Aw) + Z2< )cos(<p — @) — Z2<A7u£> sin(o ~
@) + 33 <_A£_;> = cosg (10)

on the cylindrical boundary
Z(Au/w) + Z3(Au/w) =

i
=

(11)
and
Zi(y) + 2o(y) + Z5(y) =0 (12)

where Z is over the filaments of the inner sheets, Z, is over
the filaments of the uniform boundary sheet, and Zs is over
the filaments of the nonuniform boundary sheet;

tan ¢ = (1/7) tangg, and tang,; = (1/7) tangy

For a fixed choice of N and 0, the contributions of the
uniform boundary sheet to these equations are fixed in terms
of the sheet strength v ({5) and the pitch angle ¢z, so that
the system of equations can be rewritten as

) () e (2)
w w
cos(¢ — grg) — 22<Aw )qm(@ - %)] 13)

Sy Au/w) 4+ Zs (Au/w) = 0 (14)
Zi(y) + Za(y) = —2(v) (15)

The integrals of the velocity components [Eqs. (4) and (6)]
may be defined by

B, = (Aw/w)/ [(7/47rRuJ) cose] (16)
= (Au./w)/(v/4wRw) an
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Then, numbering y; over the filaments of the inner sheet
and the nonuniform boundary sheet, the equations become
the following:

for the control points on the inner sheet

2 <4 o )B“ =1- I:{Z(%—;ﬁ)cos(«p — ¢rp) —
22<%‘5> sin(p — sorg)}/cosw] (18)

for the control points on the cylindrical boundary
Zy:/4wRw)Bs; = 0 19
and
Zi(y:/4mRw) = —Zs(y/4nRw) (20)

In this form the influence of % is confined to the right hand
sides of the equations through the influence of the uniform
boundary sheet. That is, the coefficients, B:; and B,;, of the
unknowns, v;, depend only on the choice of X and b.

Owing to the simplicity of the uniform boundary sheet,
the integrands for the velocity field inside the wake associated
with this sheet can be set up and evaluated explicitly in terms
of Nand w. The result of the integration is given as; w./w =
[v(&8)/w] coser, ug/w = 0, u/w = 0.

u./w can be written from Eq. (3) as %,/w = cos¢r sec
(¢r — @B) cosep or w./w = 1/(1 4+ AXg). Then

1 — {[Zs (Aug/w) cos(e — ¢,5) — Zao(Dug/w) X
sin(g — @) ]/cose} =1 — 1/1 ++ Az (21)

Further
Zy(v/AmRw) = [y({s)/4nRw](27RAp cosgsrn)

where 2rR A5 cosepp is the characteristic sheet length normal
to the filaments. Thus,

Zo(y/4rRw) = 1/2b-A5/(1 + A\5) (22)
Rearranging these terms

1—1/(1 4+ M) = M/(1+ M) X
{1 = /NI = Ap)/( + MNa) 1}

and
[1/2bIM5/(1 + Mgy = (1/20)[A/(1 + A1 X
{1 — /N[ = A)/(1 + Ma)l}
But, from Eq. (1)
a = (/N[ — M)/ + A\p)]
so0 that, upon defining
G=1— (23)
then
— 1/ + Ma)] = G/ (1 + \?)
and
(1/20)(Ns/(1 + M\p)] = GIN/(L + N)1(1/2b)
The system of Egs. (19-21) can then be written as
Zi(vi/4rRw)By; = GI(N/(1 + M)] (29)
Zi(vi/AmRw)By; = 0 (25)
Zi(yi/4nRw) = —GIN(1 4+ N)](1/2b) (26)
Then, defining
= (vi/4rRw)/G 27)
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the sytem becomes
for control points on the inner sheet

2 By = N/(1 + \3) . (28)
for control points on the cylindrical boundary
2 ¥iBey; = 0 (29)
and
Ziye = —(1/20) [N/ (1 + N9)] (30)

_Thus, for a fixed choice of X and b, the system is solved with
G'=1 (w = 0) and the wake vorticity distribution for any
value of % is obtained by multiplying the result by the ap-
propriate value of G. The nondimensional blade bound
vortex strength distribution K (z) is defined as

K(z) = bI'(z)/2rRw\ (31)

and is calculated by summing the filaments of an inner helical
sheet lying inboard of the wake radius corresponding to the
blade radial station, z, to yield I'(z). The remaining ele-
ments of the solution, the strengths of the filaments of the
nonuniform boundary sheet, are required in the calculation
of the thrust and power.

Thrust, Power, and Efficiency

Considering the control volume shown in Fig. 2 and using
the momentum theorem, the thrust of the heavily loaded
ducted fan is found by calculating the average pressure forces
acting on the control surfaces and the average time rate of
change of momentum of the fluid within the control volume.
Averages are taken over a time Af = 27/bQ and integration
is with respect to time df = dz/(v. + w). Following the
analysis of Theodorsen® the thrust can be written as

1 1
T+ [ pas = & sz(Vw + w)

(Ve + w)dS — L

A s, pVodtV dS

The pressure term can be eliminated through use of the
z-component of Euler’s equation

©®/2f) + (n/p) + 3V + 1B = (p=/p) + 3V = po/p
The unsteady term may be eliminated by considering the
potential field in a steady coordinate system such that ®(z,
W) = d,ryo + Qrt). Then
0P/0t = (0B/0V)( Q¥ /) = wyldr =
—(Vo + wu. + w(lVe + w)(l — G)

Then p/p + V¥/2 — (Vo + w)u. — w(l — G)] = po/p.
At the cylindrical wake boundary the static pressure inside
must equal the static pressure outside. Since there are no
disturbance velocities outside the wake

P — p) = (0/2)(V? — V&) + p(Ve + w)(tr — u:) (32)
where

VE= (Vo + ud? + u® + w?, Vet = (Ve + wn)?® + ugs®

s SN T T T T T e —— —-«/.52
S F /X
,I \ r=o ’ // r \\
Vol || = ! R+ t lﬁ.sz
s 1 T H’ﬂ Voot Up-mZ
L L
\ \\ /
] v/
— -
Vo

Fig. 2 Control volume for determining the thrust.
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Fig. 3 Path of line integration in wake.

Substituting these values into Eq. (32) and simplifying the
result yields
bp

271-(Vm + w) characteristic
wake volume

1
3 (Vo + u)? — (Vo + wep)? + w? + ue? — uw?r] +

[1’mu2 %— uz2'_

Ve + w)(u, — uZR):IdzdS (33)

Now, nondimensionalizing the lengths as z = 2z/(2wRN/b),

¥ = r/R, nondimensionalizing the disturbance velocities by
w, and defining a thrust coefficient as Cr = T/(p(QR)*rR?)
yields

. 101 2| N 1 1
e NN [;Dﬂz+§ﬁz2—§(ar2+ﬁ¢2)+

Fdrdzd¥r
21

1
5 (azli:2 + 72\1’132) - am] (34)

The @. and %.5 terms can be eliminated from the integration
through consideration of the line integral of velocity as
shown in Fig. 3. The integral about the path ABCDA en-
closes those filaments shed by a blade bound vortex between
7 = 0 and 7 = 7 so that the line integral is equal to I'(7), or

fAB wdr + fBC udz + ch udr + flj Uud: = T'(7)

But
B D C
f Uedr = — f udr and f udz = —ug,L
A c B

80 that
f P ude = TG) + ug,L 35)
Then
11 2 dzrdidV o _ 1
fo fo fo oy = fo K#Fdr 4 g, fo FdF

and, following the definition of Theodorsen?

k= 2 fol K(z)zdz (36)

11 2 UAZFdFAY 1 _
fofofo B Gl ) (37

Thus,
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Fig. 4 Blade bound circulation distribution.

Similarly

1L or BapdEidid¥ 1 )
fo fo fo —R—27r— =5 K@) + o] (38)

For convenience in the following development f dvol will

be taken to mean
f 1 f 1 f 2r FdFdzdV
oJoJo o

Since the flowfield associated with the uniform boundary
sheet is known, and the strength-—and hence the velocity
field-—of the remaining vortex sheets of the wake need only
be determined for a single value of 5, it is possible to calculate
the thrust coefficient in terms of the solution for @ = 0.

016 } ] Ii
014 ] v | //g
I | A
////
0.10 I / /
< 7
5 | v 4
5 0.08 | %
3 )
i 1 4
.06 }
0.04 / : T
%
/ EXACT?
) / —I— D!GITITL COMPUTER

Wi

Fig.5 Variation of thrust coefficient with loading param-
eter.
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Fig. 6 Variation of induced power coefficient with loading
parameter.

The integral terms of eq. (34) can be simplified as follows.
The velocities, for @ = 0, associated with the sheets of vary-
ing strength (the inner helical sheets and the nonuniform
boundary sheets) are denoted by the subscript vs. The
velocities associated with the uniform boundary sheet are
known so that the disturbance velocities can be written as

G = Gl + {1 — [GNY/ (1 + N}, @y = Gligysy @ = Gl

The @.2 term of the Cr equation can be written as

fa 2dvol = G* fﬂ dvol + 2G| 1 — G
z Zys ] + k2

_ 1 G T \?
f?,I/zv‘;dUOl + '2—(1 —_ 1 + >\2>

The remaining terms become

Sagtdvol = G [ag,2dvol, fardvol = G S i, dvol

7.2 2 7 2, G>\2
fuz,2 dvol = G fquuS dvol 4+ 2G {1 — ISy X
_ 1 G\ \?
fquw dvol -+ 5(1 - 1 T )\2)

Sagg! dvol = G* [y ? dvol

Further, from Eq. (37) and Eq. (38)
S g dvol = 3 (GKo(1) + 1 — @) and [z = o dvol = Lko
where Ko(1) and &, are the values for @ = 0.

Then

1—K=f‘ d’l—ihl ! or
5 ko Tzps AVOI s\T T

1 1
fum dvol = o\ X~ I—:XE
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Substituting these results into Eq. (34) and defining

1Lt r2n | . o, o, o,
€= |, o Jo Uzys™ — Urys” — Wik, +qum -+

_, Fdrdzd¥
dup ? |

yields

N2 G2 @2\ )
CT = w2|:G<75 + 1 - 1 + >\2>K0 — i + N2 Ko(l) + (1260 +

A G\? GA2 \?
(1_G><15+1"21+V>—<1_1+V>] (10)

where ¢ must be numerically integrated from the results of
the w = 0 solution.

The ideal power required by the heavily loaded ducted
fan can be calculated through a consideration of the induced
energy loss in the wake. Tollowing Theodorsen,? the energy
loss is given by the methods of classical mechanics as

29/ 1
QQ - TVm =K = mf[gpvmw—i—

u(é— pvt + p — pm>:|dvol

where @ is the torque and 2 = u,2 + %2 + ug? From Eq.
(32) po — p = 3p(V2 — V52 — p(V + w)(u: — u.z) 0 that

E = b2p/27(Vo + w) X
SB0V, + wu? + w(3Ve2 — t.pw)] dvol

Then, defining a nondimensional energy loss as ¢ = E/
[p(QR)*xR?] yields

L1 20 1/\
— 973 =2 -2 52
=20 fofofo [u’ +2<u‘) l>v +
. azum] Fadrdzd¥

2

Dividing the velocities into those associated with the uni-
form boundary sheet and those associated with the variable
strength sheets, the expression for e can be calculated in terms
of G and the @ = 0 solution as was done for the thrust coeffi-

cient; e then becomes
GA?
~ Ko —

NI %
= 153 Z 1 — ——
. {G[w * 2<1 T x2>]<1
1 G2N? % 1
1+ >\2> Y (1 B Tﬂ3><K°(1) 1+ >\2> *

1/ GA2 N2 1 (OONEAL
5(5‘ 1><1 ‘17?2) +5<1 —1+—v> +
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A A
G? <?5 + 1> fﬂzvs2d?)0l + G2<%—D — 1>f (7,_(,\11“2 + ?erf) X

2
dvol + G <1 - %) f <u2 + m;) dvol —

N9

A

14 A?

G [a. <u+w) dvoZ} (41)

26 [ s 00l +

Of the remaining int-égral terms the first three are evaluated
in the calculation of e for the thrust coefficient; the last
two must be numerically integrated in a similar manner for

the @ = 0 case. Defining a power coefficient as €, =
P/[p(QR)*wR?] yields
Co=(\—w)Cr+e (42)
The induced efficiency is then given by
ni = [(A = @)Cr)/[(A — D)Cr + €] (43)
Results

The numerical methods required to generate the solutions
for w = 0 were checked against existing experimental and
theoretical results in the literature and are discussed in Ref.
2. Some sample results are shown in Fig. 4 to illustrate the
effect of the blade number & on the nondimensional blade
bound vortex strength distribution. In Figs. 5 and 6 are
shown some sample results for thrust and power coefficient
variation with % for fans with increasing numbers of blades.
The exact results by Gray,* for the limit case of a heavily
loaded ducted fan with an infinite number of blades, are in-
cluded to illustrate the convergence of the finite bladed
system for increasing blade number. From these results the
method appears to be satisfactory and work is now proceed-
ing on the generation of tables for C,, Cr, 7:, and K,(z) for a
broad range of b, A\, and .
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SYNOPTIC: New Longitudinal Handling Qualities Data—Carrier Approach, George E.
Miller, Princeton University, Princeton, N. J.; Journal of Adrcraft, Vol. 7, No. 5, pp. 519-522.

Aircraft Handling, Stability, and Control

Theme

A flight evaluation of the flying qualities associated with
variations in short-period frequency (w,, range of 0.6-2.0), lift
curve slope (L,/V range of 0.6-1.35), and the use of direct
lift control. Navy test pilot evaluations in the form of
Cooper-Harper ratings were obtained for a simulated carrier
approach task in turbulence with a variable stability aircraft.

Content

Average pilot ratings and the matrix of configurations are
shown in Fig. 1. As can be seen, there is very little difference
among configurations with respect to the ability of the pilot
to perform the carrier landing task. At the good damping
ratio of ¢, = 0.75 of these tests, the difference in pilot rating
between the best and poorest configuration was less than one
unit.

A comparison of the data of Fig. 1 with that obtained in
similar studies is shown in Fig. 2. The data of Eney and
Mooij were both obtained at Princeton using the same vari-
able stability aireraft, Navy carrier qualified pilots, and task
as the data of this paper (Miller). The data of Cornell are
also flight data, obtained with a variable stability T-33 on a
landing approach task. There is agreement among the data
obtained in flight; however, a difference exists with the re-
cent results obtained with a moving base simulator (Grum-
man boundary). Although the lower short-period frequency
(wsp) and minimum g response (n.,) boundaries appear rea-
sonable based on flight data, there is a large discrepancy re-
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Fig. 2 Pilot rating and stick force/g data comparison.

garding high short-period frequency at low values of 7.q.
A possible explanation is the constraint of constant stick
force per g(F,/g = 121b/g) of the moving base simulator tests
(F./g of the flight data is shown in Fig. 2). This could resulf
in an overly sensitive control response at the higher short-
period frequencies.

The pilots also evaluated a proportional direct lift control
via a separate thumbwheel controller on top of the control
stick. Maximum authority was limited to +0.15 g. Pilots
readily adapted to using this control and found that altitude
control close to touchdown was improved with its use.



